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ABSTRACT

This paper presents the implementation to the aégamp diffusion models of the
approach used by Boyarchenko and Levenddr@d02) in the case of exponential
Lévy models. We show that this approach is moremdationally efficient than the
semi-closed form solutions formerly obtained by K@002). A brand new model is
then presented. It extends and generalizes Kou Imode
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. INTRODUCTION

It is now well recognized that the Gaussian hypsithéor financial assets returns is a
convenient assumption but which is clearly rejectdeen returns are computed with
high or medium frequencies. To depart from the iti@thl hypothesis a general
modelling has been put forward for the recent ye#irscan be expressed in the
following way: asset prices are exponentials of L@vocesses, otherwise stated the
returns are Lévy processes or asset prices areajeorhévy processes. The class of
Lévy processes is very large and includes aritrortownian motion. Amongst the
many candidates to describe financial series apdufntly used are: Generalized
Hyperbolic, Normal Inverse Gaussian, Meixner, Viacea Gamma, CGMY processes
and of course jump diffusions. This latter groufs eeen extensively analyzed and
constitutes probably a simple and flexible choleathermore any of the previous cited
processes can be approximated as jump diffusions.

With geometric Lévy processes the solutions toipgiand hedging problems
rarely are given in closed forms. The aim of thésaarch is to see how efficient the
Fourier approach is.

This paper is organized as follows: Section Il givihe definitions of the
considered processes in this article, Sectionrléfly develops the pricing of options in
this context, Section IV presents our numerically@is and a conclusion ends the
paper.

Il. THE CONSIDERED JUMP DIFFUSIONS

In this section firstly we present a simple settfog jump diffusions, then we define
Kou processes and in a third part we suggest amesiel which extends Kou model to
multiple jumps.

A. Assets Price Dynamics

The three usual ways to define a jump diffusioncpss are by specifying its dynamics
or by expressing its exponential argument, or lwngi its characteristic function. Let
us denote bys, the financial asset price at time t. The firstigiébn leads us to say
that our jump diffusion process obeys the followstgchastic differential equation:

N¢

ds;
o= pdt+ g dW, +d Z(Yi—l) 1)
t i=1

The last term models the jumps. In fact a jump dglelled by a random variable
Y which transforms the pric§; to YS, . The differenceY — 1 is then the relative
change in price when a Poisson jump occurs. Thénenadtical expectation of this
relative change is given by = E(Y — 1). The intensity or mean arrival rate of the
jumps per unit time i4. W is a standard Brownian motion wit#}, = 0. The constants
u and g > 0 are respectively the drift and diffusive coeffitiof the continuous part
of the processN is a Poisson process with intensity
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Using I6's lemma, we have the expression of the procesanirexponential
form:
St = So exp(X)

where S, is the asset price at time zero akidcan be written as

Nt

continuous part i=1
N—’
jumps

2
where a =y — % The random variablegj;) are independent and identically

distributed and model jump sizes. They are such tha In(Y;). We denote by
¢;(w) = E[e™] their characteristic function. The process#s N and the random
variables (J;) are supposed to be independent. With this modgltime characteristic
function of the random variabl&, writes

o2
t(iau— 7+A(¢] (w)-1)

¢x (W) = e = et
So the characteristic exponent ¥f reads
. 0-2
Y(u) = —iau + - /1(¢](u) — 1) 3)

Now we can precisely define the two jump diffusiprocesses considered in our
article: the Kou process and a new process geniernglit.

B. Kou Model

In this model (Kou 2002), the asset price dynanscsmilar to the previous dynamics,
what identifies this process is the jumps law. jumeps have a common layw whose
asymmetric double exponential densffy(y) writes

f](}’) =D 219_11y1y>0 +4qp Azeazylyso 4)

with p >0, ¢ =0, p+g=1, 4, >0,and 4, > 0.

We call such process a Kou process. The jump par@cteristic function writes
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p A qi,

¢ = M—iu A +iu

(5)

This generalized characteristic functiom &€ C) is well defined ifu belongs to the
strip
where Im(u) is the imaginary part of the complex numher

We can getE(Y) as

A A
E(Y)=E(e)) = ¢;(—i) = 217 1 g2

A _1 Az‘l'l'
()

We must check in the sequel, the conditibp> 1 so thatE(Y) = E(e’) < oo,
which means a jump cannot exceed in mean 100 %s €bnstraint remains a
reasonable condition for this modelling.

C. A New Jump Diffusion Model

We now suggest a new process which extends Kowepsote(n;); c puy be a finite
collection of random exponential variables with parameterd;, where P, N are
two disjoint sets, and; is strictly positive for alli. Consider the following sequence
of positive numbergp;); c puysuch thad;c, yyp; =1 . We suggest the following
law for the jumps/:

( ey with probability py,

Nicys with probability P,

= | —7,,, with probability p; , ®)

k—mn, with probability p,,,

where {kl, ...,kp} =P and{l,..,l,} = N. The index setP (respectivelyN) gathers
the probabilities of the random variabletaking positive (resp. negative) values.

This jump law is a particular case of the phasetigws described in great
details in Asmussen (2000). In that setting, thgatige (respectively positive) jumps
follow a hyperexponential lawd, with n (resp. H, with p) parallel channels. The
probability density function of is

[0 = pidie e 1gs + Y pidieii 1y

i€epP i EN
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and its characteristic function can be writtenal®ivs:

_ pidi pidi
¢](u)_ le—lu-i- /1i+iu'
ieP ieN
)
a well defined function in the following regulariyrip:
—min;ep (4;) <Im(u) < rineip 1). (20)

It is obvious that the Kou jump diffusion modekiparticular case of the general model
we suggest here by taking| = 1 and |Q| = 1. As in Kou model, we must make sure
that the following expectation exists

i pili
EW) = E() = ¢(-D = Y Pt
iePAi_1 ieN/li-i-1

(11)

by checking that for any € P, A; > 1, and, consequently, no positive jump can move
beyond 100 % in mean.

Il. THE PRICING

As far as the pricing is concerned, we use the dorehtal principle of arbitrage in
continuous time assuming a constant interest daieoted byr. Because of jumps, we
are in an incomplete market, the risk-neutral pbillig is chosen here by using the
Esscher measure, see chapter 9 of Cont & Tanko@4j2@r Le Courtois &
Quittard-Pinon (2007).

Because under the risk-neutral measQrediscounted prices are martingales,
for every t > 0, we must have
SO = EQ [e_rtSt]
= Egle " Spe*t]
SO = Soe_rte_twq(_i)

Otherwise, it can be stated as
T+ Po(=i) =0 (12)

It is this condition we call equivalent martingateasure condition. Now we can begin
our specific analysis. We first review the Kou dmo and then present the Fourier
approach.
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A. Closed Form Solutions

Merton (1976) obtained option prices in his jumffution model when jumps are

Gaussian. His formula expresses option prices aerigs of weighted Black and

Scholes prices. Similarly, Kou gave a semi-closaanfformula recalled below. We

assume that under the chosen risk neutral measuiea Kou process. Let us consider
the probability:

P(X,) =y(a,0,4,p, 11, 4,,a,t) (13)

The y function is defined through a semi-closed formnfata and can be found in
Kou (2002), p. 1098. Using this function Kou gave tcall price in the following
compact formula

0-2
Py, (So7) = Soy<r+7— A, 0,1, p', A ,Az,ln(K/SO),T>

2

—Ke‘”y(r—%— Ak, 0,1,p,1,2,,1n (K/SO),T) (14)
wherexk = E(Y = 1), X =A(1 +«), p’ = fmjil' A=24—1, and Ay = 1, + 1.
The structural parameters, 1,, A,, o, p, and q are Kou parameters in the risk
neutral universe. Although this price formula iseméngly very concise, the tall
distribution functiony writes as a double series where each term demtrals
computation of a sequence of tlikh,(x) special functions (see Abramowitz and
Stegun (1974), p. 691) whose implementation anchgoalone are rather unwieldy.

B. Fourier Analysis

Let us consider a European contingent claim whasgofp at maturityT is given
through a function payoff g such that the payof¥Fi&S;, T) = g(Xr), SO F represents
the derivative price at maturity when the underlying price iS;. The approach used
in this paper is based on generalized Fourier toamsas expressed by Boyarchenko
and Levendorski(2002). This setting is easier to implement tHas €arr and Madan
(1998) approach where these authors had to mogifgroprices to ensure integrability
condition, see also Benhamou (2000) for the Fousapproach and convergence
conditions.

Supposeg is a measurable function and there exists a rgaber § such that
e%*g(x) is integrable € L!). Let us define byj the following generalized Fourier
transform of g:

g(w = f e g (x)dx
R
(15)

It can be extended on the line thiak(u) = 6.
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1. General pricing formula

It is possible (see Boyarchenko and Levendong02)) to get the following formula
for every European derivative

1 ;
F(Spe*, t) = —f eltx =1+ W) gy du
R+i8

2
(16)
For European options, the general pricing formuldes:
eiuxe—r(rﬂl)(u))
FSut) = Kﬁfmw (miw)(-iu+1) du
17

where x = In(S,/K). With the constraint§ < —1 on the integration line, we obtain
the arbitrage free European call price

eiuxe—‘r(rﬂl)(u))

1
C(S,t) = —KEIRHB —(u)(u D du -

while we get the pricing of a European put wigh> 0.
2. Numerical implementation

With a choice for the g function and its Fouriansform g, with equation (18), using
a variable change: - u + i§ gives (up to the factoK)

( t) — 1 f iux ,—tr—8x e—rw(u+i5) d
Jet) =57) e (—iu+o)(—u+s+D

where f(x,t) = F(Spe*, t)/K.
Grouping thex and u terms leads to rewrite the general formula for dpean
options (17) in the following synthetic expression

flx,t) =R(x,6) X if e p(u,§)du
21 Jg
19)
rr—&x e—‘r1,b(u+i6)
where R(x, 6) =e and (p(u, 5) = m
This last expression immediately calls for using thast Fourier Transform (FFT),
which permits to obtain N simultaneous results incamputation time of order

O(Nlog,(N)).
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V. NUMERICAL ANALYSIS

In this section, from a numerical viewpoint we mtviKou model and its multiple
jumps extension. We can only present in this lattee the Fourier method results for
we do not have, as far as we know, explicit or geaplicit formula. We postulate an
initial value for the underlying asset &, =100, the constant interest rate is= 005,

the maturity is one half year = 005, the diffusive coefficiento = 016, the intensity
A=1 and we take the following values for the doublepamential density
p=04,A; =10, and\, =5.

We consider two series:;@nd G. The first one corresponds to contractsn@ere
exercise prices vary from 90 to 110 by a step aftd]e the second series of contracts
C, varies a little more than half a basis point Belsi with a step of 0.615 %. We shall
see later what the meaning of this series is.

A. Kou Semi Closed form Solution

Table 1 gives European call prices. The convergarfcéhe double series which
intervenes to compute the probability (13) doesrneatessitate many terms. Experience
shows that seven terms are sufficient to attairalasolute error less than ‘10With
thirteen terms our tests show that the relativereis never greater tharn®d These
prices are reported in Table 1.

Table 1
European call option pricing in Kou’s double expotial jump diffusion model.
Prices computed from formula (14) and rounded ¢ontdarest to seven decimals.

Kou’s double exponential model
European call option
Sp=100r=0050=016T1=05A=1,p=04,A; =10A, =5

C, series C, series
Strike Call price Strike Call price
90.00 14.8118905 97.00 9.7789477
92.00 13.2764024 97.60 9.3989071
94.00 11.8139684 98.20 9.0253635
96.00 10.4346054 98.80 8.6586420
98.00 9.1473173 99.41 8.2990574
100.00 7.9594292 100.02 7.9469119
102.00 6.8760520 100.64 7.6024934
104.00 5.8997425 101.26 7.2660732
106.00 5.0303905 101.88 6.9379047
108.00 4.2653317 102.51 6.6182210

110.00 3.5996498 103.14 6.3072339
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The contract in the Cseries whose exercise price i =98 corresponds to an
example given by Kou (2002) where the option pisc8.14732, which is exactly what
we obtain here, rounding to the nearest to fivendals.

B. Kou Model Results with FFT

From equations (3) and (5), the Kou process chariatit exponent is

2

Yo(w) = —iau + 07—/1(

A i
p 1' N q 2. _ 1)
A—iu A +iu

where p+q=1,A; >1,A, >0, and convergence condition (6)4; < Im(u) < 4,. In
this case the equivalent martingale measure rastriorites:

2

. g pA q A,
R S )
r+io(=i)=r—a > /11_1+/12+1

or:

a (P/h q2 _1)

—r———2
=TT L1 2,41

Figure 1 gives the volatility smile with the Kou dal in contrast with the Black and
Scholes model where the volatility is constant.

Figure 1
European call option prices and volatility smil&eu model
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In table 2 are the errors with respect to the s#asied formulae results given in
Table 1 when using call formula (19). These opticefer to the same contracts,
and C, as before. The chosen integration contouRis- i§ with § the midpoint of
-\ and-1.

Table 2
Error made when pricing via fast Fourier transf@gainst prices obtained from Kou'’s
semi-closed form formula.

Kou’s double exponential model
European call option — pricing by FFT
Sy =100r = 0050=016T1=05A=1p=04A; =10\, =5

C,series C, series

Strike Error Strike Error

90.00 -1.51487e-008 97.00 1.95399e-014

92.00 -1.60534e-008 97.60 -7.10543e-015

94.00 -1.16162e-008 98.20 1.77636e-014

96.00 -3.77282e-009 98.80 3.01981e-014

98.00 2.01567-009 99.41 4.9738+014
100.00 3.05118e-008 100.02 7.10543e-015
102.00 4.61735e-008 100.64 2.75335e-014
104.00 3.27544e-008 101.26 1.59872e-014
106.00 1.53197e-008 101.88 3.9968e-014
108.00 7.85505e-009 102.51 4.9738e-014
110.00 9.24877e-009 103.14 4.70735e-014

Table 3

Performance comparison of the two approaches indfm Merton models. Time
measured on a 2.8 GHz PentiumPC with 1 GB of memory.

Model Time for 101 contrats Mean time FFT N=4096
Merton = 0.73s =0.007 s =0.015s
Kou =6mn40s =4s =0.016s

Computing times for these two approaches have tadem on a stock computer
equipped with a Pentiufn4 processor running at 2.8 GHz and 1 GB of menibhg
results are reported in table 3. The first colurefens to computing time necessary to
price one hundred contracts with Kou semi closethfformula. The second shows the
average computing time to price each contracti;wlay. Then, the third column gives
the computing time obtained with FFT algorithm gs#096 points. The code has been
carried out with Matlab.
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C. Multiple Jumps Model Results with FFT

We can now consider the equivalent martingale nreasandition that the multiple
jumps model must verify undep. According to equations (3), (9) and (12), this
restriction can be written as follows:

0.2
0=r-—a-5-4 L% —1+Z/1 1
ieP

which implies:

2

a=r—%—/1(z/1 _1+Z,1 +1 )

We kept forX the same parameters for the continuous part ofirtbdel as in the
previous case. The parameters for the multiple piraw are given in Table 4. The first
jumps law presents a positive jump with a 0.4 pbilig. In the second law, there are
no more positive jumps: the probability mass hasnb&ansferred on the lower
parameter. It is well known that exponential valéabwith low parameters are the ones
which have the more impact on option prices. Thisbecause the mean of each
exponential random variable, modelling the jumpghe reciprocal of its parameter.

Table 4
Multiple exponential jumps laws. Each pa{p,A) gives the probability p of a jump

whose law is exponential with parameter

Jumps law Positive jumps Negative jumps
Ly 0.4,7) (0.3,5)-(0.2, 7)-(0.1, 9)
Lo None (0.7, 5)-(0.2, 7)-(0.1, 9)

Along C; contracts prices, we also give implicit volatési in Table 5. The
underlying asset price is always=300 at initial time, the constant interest rate is
r=0.05 and maturity = 0.5. Here again, the computing time with FFT is aroQr@{l5
second while the asset price process is more detfem the original Kou model,
which is costly in computing time with our code.

If prices obtained with lawL, are above the prices with law,; up to the
contract with exercise price 106, it is the inverdgch prevails after this threshold. We
have the same phenomenon with implicit volatilitieet us note in both cases that the
implicit volatility is more important than the aigri volatility of the classical model. It
presents a pronounced convexity with respect toettegcise price withL; law but

this effect is less important foL, law. Anyway it is not constant, and we find back
the empirical observations already made on market at the beginning of this study.
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Figure 2
Volatility smiles — Multiple jumps model.
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Table 5

Call options on theC; contracts series and corresponding implied vdi@sliin the
new multiple exponential jumps model.

Multiple exponential jumps model
European call option

So=100r = 0050=016T1=05A=1

Jumps law Ly Lo
K Price Volatility Price Volatility
90.00 14.5478818 25.549 % 15.3323568 29.291 %
92.00 13.0393977 25.041 % 13.8074665 28.445 %
94.00 11.6145671 24612 % 12.3414812 27.631 %
96.00 10.2828945 24.262 % 10.9427522 26.856 %
98.00 9.0521296 23.989 % 9.6197015 26.123 %
100.00 7.9276887 23.790 % 8.3803040 25.438 %
102.00 6.9122876 23.662 % 7.2315400 24.801 %
104.00 6.0058246 23.601 % 6.1788850 24.215%
106.00 5.2055082 23.604 % 5.2259009 23.677 %
108.00 4.5061915 23.667 % 4.3739751 23.186 %
110.00 3.9008541 23.787 % 3.6222355 22.739 %

D. Discussion

We see in &ble 2 that prices obtained via form (19) using a FFT wittN=4096
points are very accurate. Let us also remark foatthe obtained prices for contrac
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C, where a cubic spline has been used to interpblateprices, the maximum error is

never above 10 Series G corresponds to contracts which are direct FFT wuty/e
must emphasize that the error, in this case, iayswnder 18",

As far as performance is concerned, we see omntbditst columns in table 3
the important computing time cost due to the usgpetial function intervening in Kou
formula. For example if we compute option pricethwWerton model, it is nearly 500
times faster than in Kou model.

In the third column, we see that the computing timieng FFT with 4096 points
is always less than 2/100 second whatever the deresi model. In fact, once N is
chosen, the computing cost remains stable. Withentban ten contracts, in our
experiment the FFT method outperforms the semiigk@pproach. If you had only
one contract to price the FFT method performsadtlas well as its challenger.

V. CONCLUSION

In this article we have shown that generalized Feouapproach associated with FFT
gives a very powerful tool to price European omidn jump diffusion models. It
avoids indirect modifications of option payoffseasure integration convergence as is
the case in Carr and Madan (1998) and in Benhanm{@080) papers. We introduce a
new model with multiple exponential jumps whichends Kou process this process as
well as the original Kou process are used in oudytas benchmarks to test the
suggested method. The numerical analysis showsittigates very fast and accurate
results, furthermore it is easier to implement tit@e Kou algorithm. This method is
very general and could be, as shown by BoyarchankblLevendorski(2002), applied
for other underlying processes whenever the Laptapenent is known. An immediate
application for the speed and accuracy of this prkik its use in calibration of Lévy
processes.
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